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Abstract

Frobenius integrable decompositions are introduced for partial differential equations. A procedure is provided for determining a class of partial
differential equations of polynomial type, which possess specified Frobenius integrable decompositions. Two concrete examples with logarithmic
derivative Bäcklund transformations are given, and the presented partial differential equations are transformed into Frobenius integrable ordinary
differential equations with cubic nonlinearity. The resulting solutions are illustrated to describe the solution phenomena shared with the KdV and
potential KdV equations.
© 2006 Elsevier B.V. All rights reserved.
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1. Introduction

One often uses reductions to solve partial differential equa-
tions (PDEs), in particular, nonlinear PDEs such as soliton
equations. It is very common to reduce given PDEs to sim-
pler PDEs (normally linear) and/or integrable ordinary dif-
ferential equations (ODEs). A new class of exact solutions—
complexitons—of soliton equations was recently constructed
this way, indeed [1,2]. More recently, integrable time–space
decompositions of evolution equations were discussed, which
transform the evolution equations into finite-dimensional in-
tegrable Hamiltonian systems [3]. In this Letter, we want to
discuss a generalization of such integrable time–space decom-
positions for PDEs.

If a scalar PDE or a system of PDEs

(1.1)K(u,ut , ux, . . .) = 0
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has solutions of the form

(1.2)u = f (Φ) = f
(
Φ(x, t)

)
,

where f is a function of Φ and Φ satisfies two compatible
scalar ODEs or systems of ODEs:

(1.3)Φx = Γ (Φ), Φt = Ω(Φ),

where Γ and Ω are functions of Φ , then we say that (1.1)
possesses a Frobenius integrable decomposition (FID). In this
definition, we do not require the Hamiltonian structures of the
Frobenius integrable ODEs in (1.3), and thus, FIDs generalize
integrable time–space decompositions requiring Hamiltonian
structures [3], which aim to guarantee the Liouville integrabil-
ity [4,5].

Symmetry constraints provide integrable time–space decom-
positions, and thus, FIDs of soliton equations, with Bäcklund
transformations (1.2) being polynomial functions [6,7]. The
main benefit of finding FIDs is that a PDE problem would be
transformed into two ODE problems. Therefore, the existence
of solutions can be guaranteed easily by using the theory of
ODEs, and the plots of solutions can be made stably and sim-
ply as well.
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Naturally, one may ask what kind of PDEs can possess FIDs,
and what kind of Frobenius integrable ODEs the PDEs can
be transformed into. In this Letter, we will restrict these two
“what” to polynomial type functions, but take rational functions
for Bäcklund transformations from PDEs to ODEs. Two classes
of examples of such PDEs possessing FIDs will be presented.

2. Polynomial type PDEs possessing FIDs

We consider a class of evolution equations of the form

(2.1)ut = P(u,ux,uxx, uxxx),

where P is a differential polynomial in the dependent vari-
able u. This class of equations includes many interesting wave
equations such as the Burgers, KdV and potential KdV equa-
tions. Motivated by the KdV theory of symmetry constraints
[7], we consider the case that

(2.2)Φ = (φ,ψ)T = (
φ(x, t),ψ(x, t)

)T

satisfies

(2.3)φx = ψ, ψx = λφ,

and

(2.4)φt = Θ1(φ,ψ), ψt = Θ2(ψ,ψ),

where λ is a real parameter, and Θ1 and Θ2 are polynomi-
als in φ and ψ to be determined. Obviously, the system (2.3)
is a second-order ODE, which can be generated from the
Schrödinger spectral problem with zero potential.

The two systems of ODEs, (2.3) and (2.4), need to be com-
patible, in order to generate solutions to the evolution equa-
tion (2.1). Evidently, we have{

φxt = ψt = Θ2(φ,ψ),

φtx = Θ1,φψ + λΘ1,ψφ,

and{
ψxt = λφt = λΘ1(φ,ψ),

ψtx = Θ2,φψ + λΘ2,ψφ.

Therefore, the compatibility conditions, φxt = φtx and ψxt =
ψtx , lead to

(2.5)Θ2(φ,ψ) = Θ1,φψ + λΘ1,ψφ,

and further

λΘ1(φ,ψ) = Θ1,φφψ2 + 2λΘ1,φψφψ + λ2Θ1,ψψφ2

(2.6)+ λ(Θ1,φφ + Θ1,ψψ).

Eq. (2.6) is the only condition on Θ1, and (2.5) defines Θ2
through Θ1.

To determine PDEs of the form (2.1) possessing the spec-
ified FIDs, we first search for polynomial solutions Θ1 to
Eq. (2.6). Then fix a rational transformation u = f (φ,ψ),
compute ut , ux,uxx and uxxx using two Frobenius integrable
systems (2.3) and (2.4), and finally search for the polynomial
type P such that the evolution equation (2.1) holds for the se-
lected type of functions u = f (φ,ψ).
Procedure for finding PDEs and FIDS that the PDEs possess:

Step 1 Search for Θ1 which satisfies (2.6), to obtain Frobe-
nius integrable ODEs.

Step 2 Decide a Bäcklund transformation u = f (Φ) =
f (φ,ψ), and compute the partial derivatives ut , ux,uxx and
uxxx in terms of the resulting Frobenius integrable ODEs.

Step 3 Solve ut = P(u,ux,uxx, uxxx) for P and Θ1, to
determine the PDEs and the associated Frobenius integrable
ODEs.

Let us begin with the following class of functions for Θ1:

(2.7)Θ1(φ,ψ) =
3∑

i=0

3∑
j=0

ci,jφ
iψj ,

where cij ’s are arbitrary constants. It is easy to know that
among the functions defined by (2.7), we have the following
solution to (2.6):

Θ1(φ,ψ) = −λc1,2φ
3 − λc0,3φ

2ψ + c1,2φψ2

(2.8)+ c0,3ψ
3 + c1,0φ + c0,1ψ.

Moreover, we will determine P among the following class of
functions:

P(u,ux,uxx, uxxx)

= d0u + d1ux + d2uxx + d3uxxx + d0,1uux + d0,2uuxx

(2.9)

+ d0,3uuxxx + d1,1uxux + d1,2uxuxx + d1,3uxuxxx,

where di ’s and di,j ’s are also arbitrary constants. The following
theorem gives the only two classes of examples so produced.

Theorem 2.1. (a) If we take a Bäcklund transformation

(2.10)u = ψ

φ
= (lnφ)x

from the Frobenius integrable systems (2.3) and (2.4) to the evo-
lution equation (1.1), then Θ1 and P defined by (2.8) and (2.9)
must be of the form

Θ1(φ,ψ) = −λc1,2φ
3 + c1,2φψ2 + c1,0φ

(2.11)+ (d1 − 2d0,2λ + 4d3λ)ψ,

P (u,ux,uxx, uxxx)

= d1ux + d2uxx + d3uxxx + 2(d2 − 2λd0,3)uux + d0,2uuxx

(2.12)+ d0,3uuxxx + 2(3d3 − d0,2)u
2
x − 3d0,3uxuxx,

where c1,2, c1,0, d1, d2, d3, d0,2 and d0,3 are arbitrary con-
stants.

(b) If we take a Bäcklund transformation

(2.13)u = λφ2 − ψ2

φ2
= (lnφ)xx

from the Frobenius integrable systems (2.3) and (2.4) to the evo-
lution equation (1.1), then Θ1 and P defined by (2.8) and (2.9)
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Fig. 1. Periodic-like solution with λ > 0 (left); 1-kink-like solution with λ < 0 (right).

Fig. 2. 1-positon-like solution with λ < 0 (left); 1-soliton-like solution with λ > 0 (right).
must be of the form

(2.14)

Θ1(φ,ψ) = −λc1,2φ
3 + c1,2φψ2 + c1,0φ + (d1 + 4d3λ)ψ,

P (u,ux,uxx, uxxx)

= 4

3
λ2d0,2u + d1ux − 1

3
λd0,2uxx + d3uxxx

+ 4(3d3 + λd0,3)uux + d0,2uuxx

(2.15)+ d0,3uuxxx − 3

2
d0,2u

2
x − 2d0,3uxuxx,

where c1,2, c1,0, d1, d3 and d0,3 are arbitrary constants.

A direct computation can verify all of the above results. The
theorem tells us that under the Bäcklund transformations (2.10)
and (2.13), two classes of PDEs defined by (1.1) with (2.12) and
(2.15) can be transformed into Frobenius integrable ODEs (2.3)
and (2.4), with Θ1 being given by (2.11) and (2.14), and Θ2
by (2.5). Those obtained PDEs possessing FIDS could be fur-
ther classified by normalizing the involved arbitrary constants
such as the constants c1,2 and c1,0 as in [8] and [9], and by a
change of independent variables, the linear term ux can also be
incorporated into the linear term ut .

In the above theorem, what we have considered is the first
and second logarithmic derivatives of φ for the Bäcklund trans-
formation on u, and the Hamiltonian structure on Frobenius in-
tegrable systems of ODEs are not required. The techniques used
here is similar to but different from symmetry constraints in
soliton theory [6,7], which lead to Hamiltonian structures. The
resulting solutions by the specified Bäcklund transformations
could be more diverse. We call the integral curves (or surfaces)
determined by such solutions Frobenius integral curves (or sur-
faces), and some examples are plotted in the above figures.

Now, we discuss the exact solutions generated from the
Bäcklund transformations (2.10) and (2.13), assuming that
d1 = 0 and d3 �= 0. Note that the above first class of nonlin-
ear PDEs includes the Burgers equation ut = uxx + 2uux , the
potential KdV equation ut = uxxx + 6u2

x and the following
equation

(2.16)ut = uxxx + 3

2
uuxx,

while three particular members of the second class are the KdV
equation ut = uxxx + 12uux and the following two equations

(2.17)ut = uxxx − 3

λ
uuxxx + 6

λ
uxuxx,

(2.18)ut = 4

3
λ2u − 1

3
λuxx + uuxx − 3

2
u2

x.

The solutions given by (2.10) contains the cotangent func-
tion type solutions when λ < 0, and 1-kink type solutions when
λ > 0 (see Fig. 1). The waves represented by such solutions
move in the negative x-axis direction when either λ < 0 and
d0,2 < 2d3, or λ > 0 and d0,2 > 2d3; they move in the positive
x-axis direction when either λ < 0 and d0,2 > 2d3, or λ > 0 and
d0,2 < 2d3; and they are steady when d0,2 = 2d3.

The solutions given by (2.13) contains 1-positon type solu-
tions when λ < 0, and 1-soliton type solutions when λ > 0 (see
Fig. 2). The waves corresponding to such solutions move in the
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negative x-axis direction when λ < 0; and they move in the pos-
itive x-axis direction when λ > 0.

Therefore, we have presented one family of nonlinear PDEs
having the cotangent-like and 1-kink-like solutions like the po-
tential KdV equation and the other family of nonlinear PDEs
possessing the 1-positon-like and 1-soliton-like solutions like
the KdV equation.

3. Concluding remarks

We have presented two classes of evolution equations pos-
sessing two classes of specified FIDs under two rational Bäck-
lund transformations of dependent variables. These rational
transformations were generalized from logarithmic derivatives
in soliton theory. The primary advantage of the resulting FIDs is
to transform the nonlinear PDEs into the systems of Frobenius
integrable ODEs with the third-order nonlinearity.

It will be interesting to analyze other integrable properties of
new members from the two families of PDEs defined through
(2.12) and (2.15). In particular, do Lax pairs and Hamiltonian
structures exit for Eqs. (2.16), (2.17) and (2.18)?

We can generalize the dependent variable transformation to
u = f (Φ,v), where v can be a solution to either the considered
PDE or another PDE, and then the resulting transformations are
auto-Bäcklund transformations or Miura type transformations.
It is possible to classify such Bäcklund or Miura type transfor-
mations based on Frobenius integrable systems of ODEs (see,
for example, [8,9]).
A higher-dimensional PDEs can have similar FIDs with
more than two Frobenius integrable ODEs. For example, for
a three-dimensional PDE, there will be three systems of Frobe-
nius integrable ODEs. Moreover, we can set more equations
in Frobenius integrable systems of ODEs. We plan to analyze
these situations and present examples in a future publication.
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